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Lp- and Sp ^^-discrepancy of the 
symmetrized van der Corput sequence and 
modified Hammersley point sets in arbitrary bases 

Ralph Kritzinger * 


Abstract 

We study the local discrepancy of a symmetrized version of the well-known 
van der Corput sequence and of modified two-dimensional Hammersley point sets 
in arbitrary base b. We give upper bounds on the norm of the local discrepancy 
in Besov spaces of dominating mixed smoothness 5^ gH([0, l)^)j which will also 
give us bounds on the Lp-discrepancy. Our sequence and point sets will achieve 
the known optimal order for the Lp- and 5p gH-discrepancy. The results in this 
paper generalize several previous results on Lp- and 5p gH-discrepancy estimates 
and provide a sharp upper bound on the 5p g-B-discrepancy of one-dimensional 
sequences for r > 0. We will use the 6-adic Haar function system in the proofs. 

Keywords: discrepancy, Besov spaces, van der Corput sequence, Ham¬ 
mersley point set 
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1 Introduction and Statement of the Results 

For an V-element point set V = {xq, Xi ^..., Sat-i} in the s-dimensional unit interval 
[0,1)^ the local discrepancy Dp^(V,t) is dehned as 

TV—1 s 

DNi'P, t) := — X l[o,t) (*n) ~ R h- 

n=0 i=l 

In this expression, for t = {ti,... ,ts) G [0,1]^, the notation [0, t) means the s-dimensional 
interval [0,ti) x • • • x [0,ts) with volume 111=1 h and 1/ denotes the indicator function 
of the interval I C [0,1]®. For an inhnite sequence S = {Xn)n>o of elements in [0,1)^ the 
local discrepancy is dehned as the local discrepancy of its hrst N elements. 

We denote the norm of the local discrepancy in a normed space X of functions on [0,1)® 
by \\Disf(V, •) I V|l, where we must require D^iV, •) G X. 

In this paper we are interested in particular normed spaces, namely the Lp{[0, 1)'^) spaces 
and the Besov spaces SpgB{[0, 1)'^) of dominating mixed smoothness. The dehnition of 
the latter is given in Section 01 For p G [l,oo], the Lp([0,l)^) space is dehned as the 
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collection of all functions / on [0,1)® with finite -hp([0,1)®) norm, which for 1 < p < cx) 
is dehned as 

1 

ii/iMio,ir)ii := , 

and for p = oo is given by 

11/I Loo([0,l)*)|| := sup \f{t)\. 

t&ioAY 




as the L„- and the 


We speak of \\D^{V, ■) \ Lp{[0, 1)®)|| and 
Sp g-B-discrepancy of a point set V G [0,1)^, respectively. An analogous notation is used 
for sequences S G [0,1)*. The Loo-discrepancy is the well-studied star discrepancy, but 
in this paper we will assume that p G [1, cxo). 

The Lp-discrepancy is a quantitative measure for the irregularity of distribution of a 
sequence modulo one, see e.g. [IDIEIIES]. It is also related to the worst-case integration 
error of a quasi-Monte Carlo rule, see e.g. HIEDIES]. The Lp pi?-discrepancy is related 
to the errors of quasi-Monte Carlo algorithms for numerical integration on spaces of 
dominating mixed smoothness, see e.g. 


It is well known that for every p G (1, cxo) and for all s G M there exist positive 
numbers Cp^s and Cp ^ with the property that for every N > 2 any Welement point set 
V in [0,1)"^ satishes 

\\Dn{P,-) I ip([0,l)*)|| > (1) 

and for every sequence S in [0,1)'^ we have 

floe; TV) 2 

||A>Ar(5, •) I Lp([0,1)^)|| > Cp, - — - for inhnitely many N eN, (2) 

where log denotes the natural logarithm. The inequality ([T]) was shown by Roth [22] 
for p = 2 (and therefore for p G (2, cx)) because of the monotonicity of the Lp norms) 
and Schmidt (22] for p G (1,2). Proinov [27| could prove (|2]) based on the results of 
Roth and Schmidt. Halasz m showed that the bounds CO and ([2]) also hold for the 
Li-discrepancy of two-dimensional point sets and one-dimensional sequences, respect¬ 
ively. There exist point sets in every dimension s with the order of the Lp-discrepancy 
of (log A^)“ 2 “/N for p G (1, oo) (see [2] for the hrst existence result), which shows that 
the lower bound given in ([T]) is sharp. Chen and Skriganov [5] gave for the hrst time 
for every integer N > 2 and every dimension s G N, explicit constructions of hnite 
A^-element point sets in [0,1)^ whose L 2 -discrepancy achieves an order of convergence 
of (logA^)~ /N. The result in [2| was extended to the Lp-discrepancy for p G (1, oo) 
by Skriganov (SU]. The inequality (|2]) is also sharp for one-dimensional sequences (see 
e.g. [ig). Moreover, it is sharp for the L 2 -discrepancy in all dimensions (see [SI Ej). 
Showing sharpness for all p G (1, oo) in all dimensions is currently work in progress. 


There are also known lower and upper bounds for the Sp ^R-discrepancy in arbitrary 
dimensions. Triebel, who initiated the study of the local discrepancy in other spaces 
such as the Besov spaces and Triebel-Lizorkin spaces of dominating mixed smoothness 
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in [ 21 ] and [321, showed that for all 1 < p, g < cxo and r G M satisfying ^ — 1 < r < ^ 
and g < cx) if p = 1 and g > 1 if p = cx) there exists a constant Ci > 0 such that for any 
N >2 the local discrepancy of any A^-element point set V in [0,1)^ satishes 


DNiV, 


>c,N^-\\ogN) 


s — 1 

q . 


( 3 ) 


Also, for any N > 2, there exists a point set V in [0,1)^ with N points and a constant 
C 2 > 0 such that 


b»(p,-)|s;,b([o,i)') 




Hinrichs showed in PE] that in two dimensions the gap between the exponents of the 
lower and the upper bounds can be closed for 1 < p, g < cxo and 0 < r < A For the 
proof, he considered specihc point sets, namely the dyadic versions of the digit scrambled 
Hammersley point sets given in De£nition[21 which achieve a S'^^-B-discrepancy of order 
in accordance to the lower bound (|3D. Markhasin closed the gap in arbitrary dimensions 
under the same conditions on p, g and r by considering Chen-Skriganov point sets in 
| 2 dj ■ Summarizing, for 1 < p, g < cxo and r > 0 there exist point sets V in [0,1)® with 
N points and a constant C 3 > 0 such that 


b«(p,-)|s;,b([o,i)‘) 


< C3]V’-‘(log]V)‘^^, 


which is best possible. Finding corresponding bounds on the ^^-discrepancy for in- 
hnite sequences is work in progress. 


We introduce the fe-adic van der Corput sequence and a symmetrized version thereof 
as well as the 6 -adic Hammersley point set and two modihed variants, namely a digit 
scrambled and a symmetrized version. 


Definition 1 Let 6 > 2 be an integer and <p 6 (n) denote the radical inverse of n G Mq 
in base b. It is dehned as <p 6 (n) := whenever n has 6 -adic expansion 

n = J2i^Qnib\ The (classical) van der Corput sequence in base b is the sequence Vb = 
{(Pb{n))n>o. The symmetrized van der Corput sequence in base b is given by : = 
{Zn)n> 0 , where 


(Pfe(m) if n = 2 m, 

1 — (pf,(m) if n = 2 m -|- 1 . 


Definition 2 Let b > 2 and n > 1 be integers. The (classical) 6-adic Hammersley point 
set consisting of = 6" elements is given by 

TZb,n := I : m G {0,1,..., - 1}| 

^ { (t ^ ^ T ^ ^ f) ■ ^ ^ ~ ■ 

Let &b be the set of all permutations of {0,1,..., 6 — 1} and let r G ©b be given by 
r(/c) = 6 — 1 — A; for fc G {0,1,..., 6 — 1}. Let S = (ai,..., cr„) G • We dehne the 
digit scrambled Hammersley point set associated to E consisting of iV = 6 ” elements by 



0-1 (ai) ai 



: Oi, 


g{0,1,...,6-1} 
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In this paper we assume that for a fixed a G we have either Uj = a or Uj = r o a =: a 
for all i G {1,... ,n}, i.e. S G {ex, a}"'. We define the number 

:= |{* e {1,. . . ,n} : di = cr}|, (4) 


i. e. the number of components (Xj of S which equal a. 

Let (X G ©fc and S = (exj)”^]^ G {ex, a}"' fixed. We also put E* = G (ex, a}"', where 

a* = T o Oi for all i G {1,... ,n}. The symmetrized Hammersley point set (associated 
to S) consisting of iV = 26"' elements is then defined as 


-rpSjSym _ .pS I I -T^S* 

'^h,n — 'H,n 'H,n- 


We speak of a symmetrized point set, because can also be written as the union 

of TZfn with the point set 




: {x,y) G 7^ 



( 5 ) 


The process of symmetrization and digit scrambling of sequences and finite point 
sets has been applied in discrepancy theory many times before. This is due to the fact 
that the classical versions of the van der Corput sequence and the Hammersley point 
set fail to have optimal Lp-discrepancy for all p G [l,cx)), which follows for instance 
from m Theorem 1] and [IHl Remark 1]. The first two-dimensional point set with 
the optimal order of L 2 -discrepancy was indeed found within symmetrized point sets by 
Davenport [5] in 1956. A thorough discussion of Davenport’s principle, applied to the 
Hammersley point set, can be found in [1]. Halton and Zaremba [T5j introduced digit 
scrambling for the dyadic Hammersley point set in 1969 and showed that the modified 
point sets overcome the defect of the classical Hammersley point set and achieve an 
optimal L 2 -discrepancy in the sense of ([I]). 


The aim of this paper is to prove the following theorems. Here and throughout 
the paper, for functions /, (7 : N —)■ M+, we write g{N) -C f{N) and g{N) f{N), 
if there exists a C > 0 such that g{N) < Cf{N) or g{N) > Cf{N) for all N ^ N, 
N > 2, respectively. This constant C is independent of N, but might depend on several 
other parameters. Further, we write f{N) x g{N) if the relations g{N) -C f{N) and 
g{N) 3> f{N) hold simultaneously. 


Theorem 1 Let 1 <p,q < 00 and 0 < r < -. Then for any integer b>2 we have 


ON(v;n I sLB(io, 1)) «iv-‘(iog]v)i 


ifr = 0 and 


D„(vr”) I s;,B(|0,1)) 




r—1 


if t) < r < - for all N > 2. 


Theorem 2 Let 1 < p,q < 00 and 0 < r < Then for any integer b>2 we have 


DNin^n) I 5;,,r([o, 1)^) « w-^(iogiv)i 


if and only if \2ln — n\ = 0{n<i) (where In as defined in or ^ I]a=o <^( 0)0 = 


(h-l? 
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Theorem 3 Let 1 < p,q < oo and 0 < r < -. Then for any integer b >2 we have 


D^in^D I 1)^) «iv’-^(iogiv)i 


independently o/S. 


Remark 1 In the theorems above we have to require r < ^ to ensure that the in¬ 
dicator functions appearing in the definition of the local discrepancy are contained in 
Sf gB{[0, 1)®) (see [SIl Proposition 6.3]). We must also require r > 0, since the symmet¬ 
rized van der Corput sequence and the modified Hammersley point sets cannot provide 
optimal S'p gR-discrepancy in the case r < 0 as we will see in the proofs in Section O 

To derive results on the Lp-discrepancy from the above theorems we use embed¬ 
ding theorems between the Besov space S'pgR([0,1)®) and the Triebel-Lizorkin space 
1)®) of dominating mixed smoothness. Since we do not prove any results on 
the Triebel-Lizorkin space norm of the local discrepancy, we refer the interested reader 
to [221 ESI EH El] for the dehnition of this space. In [ST] we also hnd the embeddings 

1)*) ^ s;,F([o, 1)*) i)*) 

for 0 < p, g < cxo and 


s;,.,F{lo, 1)*) s;,B(|0,1)*) s;,,B([0, 1 )*) 

for 0 <p 2 <q<Pi<oo, which lead to the following corollary together with the 
identity 

([0,1)*) = L,(io, 1)*) 

for q = 2 and r = 0 (see e.g. [2H Remark 4.23]). 


Corollary 1 ITe have the following estimates of the Lp-discrepancy forp G [1, cxd) and 
all b > 2: 


RAr(Vf") I Lp([0,1))|| < N-\\ogN)h for all N >2, 

DNi'nf^n) I < iV"^(logA^)T if and only if |2/„ - n\ = 0{^/n) or 

iEa=o^(a)a = 


I Tp([0,l)2)|| < N-\\ogN)^ independently ofE. 

These inequalities show that we achieve optimal Lp-discrepancy with respect to the order 
of magnitude in N or N in all three cases. 


The structure of this paper is as follows: In the next Section [21 we will show in 
which sense our results generalize previous results. In Section [SI we introduce the 6 -adic 
Haar function system and the Haar coefficients which will be a basic tool for our proofs. 
In Section [H, we explain the Besov space norm and present a useful equivalent norm. 
Section [S] is the most technical part of this paper and aims at hnding upper bounds on 
the Haar coefficients of our sequences and point sets of interest. We will use these upper 
bounds in the subsequent Section El to finally prove the central theorems of this paper. 
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2 Discussion of the results 


To put our results into context, we point out in which sense they generalize previous 
results. Further, we provide a surprising insight into the optimal order of the S^^B- 
discrepancy of one-dimensional sequences for r > 0. 

It was recently proven in [TH] that the symmetrized van der Corput sequence in base 
2 achieves optimal Lp-discrepancy for all p G [l,cx)). Corollary [T] shows that the same 
is true for every base b> 2. 


The digit scrambled Hammersley point sets in the sense of Definition [2] were initially 
introduced by Faure m- The L 2 -discrepancy of these point sets was calculated exactly 
in m Theorem 2], It follows from this exact formula, that the L 2 -discrepancy of the 
digit scrambled Hammersley point set is of optimal order 

N-\\ogN)^ 

if and only if |2/„ — n\ = 0{y/n) or ^ I]a=o (with the notation in Defini¬ 

tion [2]). We remark that Corollary [T] generalizes this fact to arbitrary p G [1, oo). 


Theorem [2] can be regarded as a generalization of m Theorem 1.1], where only 
digit scrambled Hammersley point sets with S G {id, r}” (id means the identity) were 
considered. By allowing general permutations a G ©&, it might happen that 


1 

b 


b-l 


a{a)a = 

a=0 


(b-ir 

4 


( 6 ) 


We therefore hnd a signihcantly higher number of two-dimensional point sets with op¬ 
timal S'p qH-discrepancy. We give examples for permutations a fulfilling (jH]) that were 
discovered in na. We choose cr = id; for / G (0,1,..., 6 — 1}, where idi(a) := a © / for 
aG (0,1,...,6 — 1} (© denotes addition modulo b). Then we have 


b—1 b—1 b—l—1 6—1 

^ id/(a)a = ^(a ©/)a = ^ (a +/)a + ^ (a + / — 6)a 

a=0 a=0 a=0 a=b—l 


b-l b-l L 

= V(a + /)a - 6 V a = -(1 + 26^ + 3/2 - 36(1 + /)). 

a=o a=b-i 6 


Hence, (0 is fulhlled if and only if 


62-1 l{b-l) 

12 “ 2 ■ 

The pairs (6,/) for which this equality is satisfied were given in [T21 Corollary 1]. One 
could for instance choose 6 = 5 and / = 1. In na, further explicit examples and con¬ 
structions for permutations which fulhl ([H]) were presented. 

It was shown in Cl that the symmetrized Hammersley point set in base 2 achieves 
optimal Lp-discrepancy for all p G [1, cxo). For the L 2 -discrepancy, this result was already 
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obtained in [1] and [12] with aid of Walsh functions for slightly different variants of sym¬ 
metrized Hammersley point sets. In the current paper, we give an appropriate dehnition 
of such symmetrized Hammersley point sets in arbitrary bases which have optimal Lp- 
discrepancy too (see Corollary [ID . 

Finally, we should comment on the results in Theorem [TJ We notice that the log¬ 
arithmic term {logN)'5 does only appear if r = 0, whereas for 0 < r < ^ we solely 
have the main term N^~^. Thus, in the latter case we have the same optimal order 
of S'p gH-discrepancy for one-dimensional sequences as for one-dimensional point sets, 
which is not the case for the Lp- or the star discrepancy. The question arises whether 
the logarithmic term for r = 0 can be omitted or not. This is certainly not the case for 
g = 2, since what we get then is the Lp-discrepancy for which we have the inequality 
IPD, but may be the case for other values of q. Also, it would be very interesting to 
investigate if the fact that point sets and sequences achieve the same best possible order 
for the Sp ^H-discrepancy in the case r > 0 appears in higher dimensions s > 2 too. 


3 The 6-adic Haar basis 

In order to estimate the Lp- and the S'p ^H-discrepancy of TZf n we use 

the Haar function system in base b. Haar functions are a useful and often applied tool 
in discrepancy theory, see e.g. [51 DEI EO [ISIETI ESI Elj. Additionally, Haar functions 
open the door for the investigation of the local discrepancy in further function spaces 
such as the BMO or the exponential Orlicz spaces (see e.g. [T], another paper where 
dyadic digit scrambled Hammersley point sets were considered). 


Let 6 > 2 be an integer. For j G Nq we dehne Dj := {0,1,..., 6^ — 1} and Mj : = 
{1,..., 6 — 1}. Additionally, we dehne the sets D_i := {0} and B_i := {!}. For j e Mq 
and m G Dj we call the interval 


Ij,m ■ — 


'm m -|- 1\ 


the m-th 6-adic interval on level j. We also dehne /-i,o = [0,1), which is a 6-adic interval 
on level 0. For j G No, m G ©j and any fc G (0,1,..., 6 — 1} we introduce the interval 




:= /, 




m km k + 1 
^ + 6^+1 


It is easy to see that Ij m = Ufc=o Ijm fl = 0 whenever ki ^ k 2 - We also put 

J\o = /-i,o = [0 ,l). 

For i G No, m G Dj and I G Mj let hj^m,e be a function on [0,1) with support in and 
the constant value on for any A; G {0,1,..., 6 — 1} and 0 outside of We 
call hj^rn,i a 6-adic Haar function on [0,1). We also put 6,_i o,i = = 1 [ 0 , 1 ) on [0,1). 

It was shown in [221 Theorem 2.1] that the system 

I max{0,j} 1 

■ j e N_1,m G Dj, £ G j 


(where here and later on we use the abbreviation N_i := No U { — 1}) is an orthonormal 
basis of T2([0, 1)) and an unconditional basis of Lp{[0, 1)) for p G (1, cxo). We speak of 
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an one-dimensional 6-adic Haar basis. 


To extend this definition to arbitrary dimensions s, for j = (ji, J 25 ■ ■ ■ ,js) £ Nii 
and m = (mi, m 2 ,..., m^) G x Dj^ x • • • x =: we define the s-dimensional 

6 -adic interval Ij^rn '■= Ijim ^ -^ 72,^2 x ••• x For k = (fci, ^ 2 , • • •, where 

ki G {0,1,..., 6 — 1} if ii G Mo and fcj = 1 if jj = —1 for i G s}, we put 

:= ^ 4^2 X ••• X Finally, for j = {ji, j 2 , ■ ■ ■, Js) e Mi^, m = 

{mi, m 2 , ..., m^) G ©j and £ = {ii, £ 2 , ■ ■ ■, is) G %i x x • • • x B^^ =: Bj we define the 
s-dimensional 6 -adic Haar function hj^rnA^) ■= hhm,h{^i)hj^^m 2 / 2 A 2 ) ■ ■ ■hj^^rns,tsAs) 
for a; = (xi,, a; 2 ,..., Xs) G [0,1)^. Then the system 

hj,m,e ■ j e Mil, ^ ^ G Bjj , 

where \j\ := max{0, ji} -|- max{ 0 , 72 } + • ■ • + max{0, js}, is an orthonormal basis of 
L2([0, 1)*) and an unconditional basis of Lp([0,1)^) for 1 < p < 00 (see again [221 The¬ 
orem 2.1]). 

The Haar coefficients of a function / are defined as 

/ij,m,£(/) := (/, hprnA = [ f {t)hjJ ^ ^ ^ % and £ G Mj. (7) 

Jlopp 


4 The Besov spaces of dominating mixed smooth¬ 
ness 


We give a definition of the classical dyadic Besov spaces of dominating mixed smooth¬ 
ness. Let therefore iS(M®) denote the Schwartz space and iS'(M^) the space of tempered 
distributions on M®. For / G iS'(M®) we denote by Hf the Fourier transform of / and by 
its inverse. Let (jo G iS(M) satisfy (j)o{t) = 1 for |f| < 1 and (j)o{t) = 0 for |f| > |. 
Let 

M^) = 0o(2"‘^t) - (jo(2“'^+H), 

where t G M, d G M, and (j)d{t) = (jdi (H) • • • where d = (di,...,dj G Mg, 

t = {ti,...,ts) G M'^. We note that J2deN=4>d{t) = 1 for all t G M^. The functions 
H~^{(j)dJ^f) are entire analytic functions for any / G iS'(M'^). Let 0 < p, g < oo and 
r G M. The dyadic Besov space Sp gB{M^) of dominating mixed smoothness consists of 
all / G iS'(M'^) with finite quasi-norm 


/1 


- ^d,a)q 


H-\(j)dJ^f) I Lp(M^) 


with the usual modification if g = cxo. Let T>([0,1)^) be the set of all complex-valued 
infinitely differentiable functions on with compact support in the interior of [0,1)® 
and let T>'([0,1)^) be its dual space of all distributions in [0,1)^. The Besov space 
S'pgi?([0,1)®) of dominating mixed smoothness on the domain [0,1)^ consists of all func¬ 
tions / G T>'([0,1)®) with finite quasi norm 


/ I 5;,,B([0.1)‘)|| = int {||g I S;,S(K*)|| : S e = /} 


8 


















However, the dyadic definition of the Besov space norms is not suitable to estimate 
the discrepancy of sequences and point sets which are based on the 6-adic expansion 
of integers. To overcome this drawback, 6-adic versions of the Besov spaces 
and S'pgi?^([0,1)^) have been introduced by Markhasin in |22l 1^ - We refer to these 
papers for the definition of the 6-adic Besov spaces. It was shown in 1221 Theorem 3.1] 
that the 6-adic Besov space S'p qi?^([0,1)'^) is equivalent to the classical dyadic Besov 
space 1)'^) and that we have the following useful characterization of functions 

which are contained in this space (see also [211 Theorem 2.41] for the original proof of 
the dyadic case): 


Proposition 1 Let 0 < p,q < oo and ^ — 1 < r < min l|. Let f G 1)"^). 

Then f G Sp^^B^{[0, 1)"^) if and only if it can be represented as 


jeNlj 


for some sequence {pj,m,e) satisfying 


yjmti 


E 

mGDj,£GBj 




< OO, 


where the convergence is unconditional mP'([0,1)'^) and in any SfgB’^{[0, 1)®) with p < r. 
This representation of f is unique with the b-adic Haar coefficients as defined in dTj). 
The expression on the left-hand-side of the above inequality provides an equivalent quasi¬ 
norm on 1)®), i.e. 


f\s;^^B\%ir) 


^ lfh+-+js){r-^+l)q 


E 




1 . 

q 


5 The Haar coefficients 

5.1 Haar coefficients of the symmetrized van der Corput se¬ 
quence 

In the following, we will compute the Haar coefficients of the local discrepancy of 

i.e. 

J 0 

The proofs in this section are similar to those in [12] . Preceding the computation of the 
Haar coefficients, we collect some simple properties of the 6-adic radical inverse function 
(pb{n) which we will need in the proof of the essential Lemma O In the following, we 
will consequently omit the lower index b in the radical inverse function, since we will 
always consider an arbitrary but fixed base. 

Lemma 1 The following relations hold for the radical inverse function ip in base b: 
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1. (p{b>w) = ^(p{w) for allj,w e Nq, 

2. Lp{V^p{m)) = ^ for all j G Mq and m E {0,... ,lf — 1}, 

O 

3. ^p{n) E Ij^m if and only ifn = VyD{m) + l2w for somew E Nq, especially (^(n) Elj^m 
if and only if n = l>iip{m) + Ifw for some w eN, 

4- ^{n) E some /c G {0,1,..., 6—1} if and only ifn = bi~^^ip{bm+k)+b^~^^w = 

Vip{m) + bPk + for some w G Nq, especially (p{n) G if and only if 

n = td(p{m) + tfk + for some w G N. 

Proof. The proofs of 1., 2. and 3. follow the same lines as PEI Lemma 1], whereas 4. is 
an immediate consequence of 3., regarding = Jj+i bm+fc and (p{bm + k) = 

□ 


The next lemma contains some formulas for exponential expressions which will occur 
in diverse parts of our proofs. 

Lemma 2 The following equalities and inequalities hold for all integers b > 2: 

1- = 0 for all i E {1,... ,b - 1}, 

g 1 1 _ P — l 

l^e=l “I 


|eT“'^-l|2 


Et! 


6-1 1 
¥ 


< 


12 ' 


62-1 


|e"r'^-l|4 V 12 


4- 


if 11 — 


|e b - 1 | |e b -1|2 


for all i E {I,... ,b — 1}. 


Proof. The hrst item is a well-known result and can be verihed by applying the formula 
for hnite geometric sums. The proof of the second item can be found in [7] or in 
Proposition 3.5]. The third item is an immediate consequence of this identity, since 


6-1 1 

Ett® 


6-1 


— ( I 27H/; 


'62 


^=i|eT-«-l|4 |eT« - l|2y \ J 

The last item can be shown directly with aid of the triangle inequality: 


1 

1 2sip 

e 6 — 

1| 1 

27ri p 1 

e 

+ |1| 

2 

1 11 
e i> — 1 

1 27H « 

e — 

1|2 “ 

1 27ri p 

e & 

- IP ~ 

1 —1 1 19 

e 6 — Ip 


□ 


We start with the computation of the hrst Haar coefficient /i_i^o,i: 

Lemma 3 The Haar coefficient /x-i,o,i of the local discrepancy ZlAr(V^^™, •) satisfies 


lh-i,o,i| — 


0 


1 

2N 


V(M) 

N 


if N = 2M, 
ifN = 2M + l. 


Proof. The proof follows exactly the same lines as the proof of [TSl Lemma 2]. 


□ 
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In the following, let t)e the Haar coefficients of the local 

discrepancy of the hrst N elements of the sequences {^{n))n>o and (1 — (p(n))n>o, 

respectively. The next lemma may be proved in complete analogy to m Corollary 1], 


Lemma 4 For all j E No, m E Dj and i E Bj we have 


I V,sym| 


< 


Hi 


1 


2M+1 


{(M + 


M,ip 


if N = 2M, 
ifN = 2M + l. 


We proceed with the calculation of the Haar coefficients of the local discrepancy in 
the case j E No and first prove the following general lemma. 


Lemma 5 Let j E No, m E Dj and i E Mj. Then for the volume part f{t) = t of the 
local discrepancy we have 

Lj,m,e{f) — 27ri a 7 

e i> — 1 

and for the counting part g{t) = J2n=o l[o,p(2^n) we have 




(g) 



where the last sum is empty for k = 0. 


Proof. The assertion on fij^rn,i{f) iiiay be verihed by simple integration. The Haar 
coefficients of g are given by 


/•i / 1 ^-1 \ 1 rl 

Tj,m,ii^g') / I ^ ^ l[0,p j df ^ ^ / 1 [0,p (^n)df . 

•'O \ jV p, / iV „ JO 


It is obvious that X„ = 0 in case that Xn ^ Ij,m or Xn = Now we assume that 
Xn E Ij„i for some k = 0,1,... ,b — 1 and x„ ^ Then we have 


T = 

-^n 


^ rn 1 fc + 1 

^2p.ke , 


6-1 


e—df 


J jr 
r=fc+l j,m 


6-1 


■'Xn n=k-^- 

b~^~^ ( + k + 1 — lF~^^Xn^ ^ 

y r=/c+l 

(^{bm + k + l- F+^Xn) - E 


2211 rl, 

e b 


b ^ ^ ^(bm + k — V'^^Xnj e' 


'-ki 


k-1 

E 27r 

e ^ 

r=0 




and the proof of this lemma is done. 


□ 


Now we are ready to show a central lemma. 
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Lemma 6 We have 


I < 


1 1 


9 




Nhi leT^- 1|2 


1 1 


15 


Nh^ le^^- 1|2 


for all 0 < j < flogfo A^] and 




5-2J-1 


e b 


for all j > [logbA^]. 

Proof. We start with = <.p{n) and therefore employ Lemma [U It allows us to display 
the sum 


6-1 N-l 


( (bm + k — lf~^^(p{n)'^ e 


fc-i 

27ri X—^ Stti 


k=0 n=0 

ip(n)eP 


r=0 


ri 


which appears in Lemma El as 

6-1 A(k) / 

EE (bm + k — V^^Lp (lfLp{m) + bPk + 

k=0w=0 \ 


k-1 \ 

r=0 y 


We may include the case (p(n) = ^ since the corresponding summand is zero anyway. 


In the above expression, A(k) := 


. We choose this value for the upper 
ihe conditions 0 < n < — 1 and 


V—1 ‘Pirn) k 

^ 6J+1 6 6 

index of the sum, since we have to ensure that 
n = bPp}{m) + Vk + are fulhlled simultaneously. With aid of Lemma (H 1. and 2., 

which gives 


(p (Vip{m) + b>k + = ^ + yP{k + bw) = y + y(^ + , 


the above expression can be simplihed to 


6-1 A{k) / fc-l 

-EE + 

fc=0 ui=0 V r=0 




=: 


Next we notice that A{k) can only take two possible values, namely A{k) = zl or 
A{k) = A — 1, where A = "^rr —We assume that fco € {1,...,6} is such 
that A{k) = A for k G {0,..., fco ~ 1} and, in case that ko < b, A{k) = A — 1 for 
k G {^05 Hence, we can write 



We intend to simplify S 2 and therefore change the order of the sums to obtain 

d-i 6-1 A-i 6-1fc-i 

52 = E^HEe^^^+EEEe^^^ 

u)=0 fc=0 «)=0 k=0 r=0 
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A 


27 ri 

e 6 


b-l 

EC' 


e b 


■H 


1 = 


hA 


1 fc=o ^ ^ e-^ - 1 

We combine the previous results with Lemma 0 to obtain 


N,ip _ 


1 


_ 1 ViVfet 




1 1 

iV^ 




Now we take the absolute value and apply the triangle inequality. This yields 


I < 

Ihym/I — 


1 


e b 


4^-^ - 

Nb) 




1 • 


Since the inequalities x — 1 < [xj < x for all x G M yield 


lii_< 11 ( 

Nb - Nb [ b+^ b 


- = 


11 1 ip{m) 

'iV 62 i+i “ iV 


< 0 


and 


Hi-6--^ >11 (HI 

Nb - Nb\ b+^ 

1 1 


ip{m) 

v~ 

1 ip{m) 


-1 j - 
1 1 


NbNi N b+^ Nb 


16+2^ 12 
~N b+^ - ~Nb' 


we get 




< 




- • ^e_l\Nb ' Nb+^ 


It remains to estimate | S'! |. We have 



*^0-1 . 


/CQ —1 k—1 

'1 

VI 

Co 


+ 

E EH 


O 

II 


fc=0 r=0 


e¥^o£ _ 1 


1 

( e¥^o^ - 1 

1 —£ 1 
e i> — 1 


1 

e i> — 1 

^ e¥^ - 1 


/ 2 ^ 2 ^ b ^ 5b 

— I « T I I 27ri T lo I ^ 27H « ^ in ’ 

|e i> — 1| |e i> — Ip |e i> — 1| |e t — Ip 
where we used Lemma |2] in the last step. Altogether, we have verihed 




< 


1 2 


+ 


1 5 


< 


1 1 


9 


^^_l\Nb - 1\2 N b - N b - A-i 


This proves the hrst estimate of the lemma. It follows from Lemma [H that there are 
no elements of {xo,Xi,... ,X 7 v-i} contained in the interior of Ij^rn, if b^ijn) + 6^ > A^, 
which is certainly fulhlled if j > [log^ A^]. Therefore, in this case the counting part does 
not contribute to the Haar coefficient as we have seen in the proof of Lemma El 

and we have 

I,. i_ 

\bj,m,/\ ~ . 21^0 _ I 

|e i> — 1| 
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as claimed. 


We investigate 
and write 


N,l—ip 


as 


6-1 N-1 

E E 

fc=0 n=0 


6-1 N-1 


Therefore we denote by the interior of the interval 

/ k—1 \ 

[ (bm + k — — (p{n))^ ~ E 




r=0 


E E ( bm + k — — (p{r 


k=0 n=0 

l-ipin)ei>‘ 




n e b 


■u 


k-l 

E 27r 

e 

r=0 


■rl 


6-1 


V-1 


k-\ 


E E Ee-^^=: ^1-7^2. 


k=l 


n=0 r=0 

k 


' bJ 6J + 1 


It is easily shown that 1 — (p{n) G if and only if (p{n) G In analogy 

-J as well 


V-l ip{bi-m-l) b-k- 
6 J +1 


to preceding parts of this proof we define B{k) := 
as B := _ Let /cq G {0,..., 6 — 1} be such that B{k) = B for k G 

{/cq, ..., 6 — 1} and, in case that k'Q > 0, B{k) = B — 1 for k E {0,k'^ — 1}. We apply 


Lemma [T] to obtain 

6-1 V-1 


^i=E E l(bm + k-V+\l-^{ 


k=0 


n=0 

j,bJ —m — l 




n e b 


■kl 


k-l 

E 27r 

e ^ 

r=0 


■rl 


6-1 B[k) / 

= EE ( bm + k — — Lp{V^^Lp{b{V — m — l) + b — k — 

k=Qw=l \ 

k-l \ 


.^kl 


r=0 


6-1 B{k) 


k-l 


= -EE (v^H + l)e-^^ + Ee 


^rl 


k=0w=l 
6-1 / 


r=0 


k-l 


6-1 B-1 


k-l 


= - E {^{B) + i)er^^ + j: 


e b 


'■rl 




Irl 


k=kQ 


r=0 


k=0 w=l 


r=0 


Ti, 


Ti,2 


Similarly as above, we can show that Ti 2 = —Altogether, we have 


e b —1 


N,l-ip _ _^ 

27ri g 


e 6 " — 1 

and so the triangle inequality gives 

1 




5-i-i 

N 




\rj,m,l \ — 


e b 


ll 


/l-l _ 

N ^ ^ 


+ ^(|ri,,l + |T 2 |). 
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One can check in the same manner as done above that 


< —2 


76 


T?(S - 1 ) - 


< M and 


|eT'-l|2 

6 — 1 k—1 


We also hnd 


17^21 < 


k=l r=0 


— I I 

e 6 — 1 


6-1 

^ (e¥^^ - 


k=0 


|e—^ - 1 | 


< 


2b 


|e—^ - 11 


By combining all these results we hnally arrive at 


Ih 


Nyl—(f I 


< 


\ — I 27ri 


6 1 7 1 2 1 

- + + 


_ 112 yjVbJ NW NhiJ N W - i\2 


1 1 


15 


The equality = E'l for j > [log^A^] can be verihed analogously as in the 

’ le 6 -1| 


case of the proof of the lemma is complete. 


□ 


Corollary 2 The Haar coefficients of the symmetrized van der Corput sequence in base 
b for j G No satisfy 


I ,N,sym\ 
\r'j,m,l I 


z/j < [logfeA^l, 


Proof. We combine Lemma [Hand Lemma E] to obtain the result. 


□ 


5.2 Haar coefficients of the modified Hammersley point sets 

In this subsection, we will compute the Haar coefficients of the local discrepancy of 77^^, 
i.e., 


Tj,m,e{DN{T^h^ni ')) ~ ')■> ^ N{T^i,^ni dt 

*7 [ 0 , 1 ]"^ 


We follow closely the ideas in [22] and [2T|. The main and essential difference lies 
in the calculation of the first Haar coefficient /X(_i _i)^(o,o),(i,i) of the local discrepancy 
•), which we carry out in the following lemma. 

Lemma 7 Let n E N, a E &b, H = (ai,..., cr„) G {a, a}" and /„ = |{i G {1, ..., n} : 
CTj = cr}| as defined in ([T]). Then we have 


h(-i-i),(o,o),(i,i)(-DAf(77^n) •)) 



2ln) 


{b-ir 

Ab 


^ 6-1 

I 7 E^(«)« 

" a=0 



1 

4iW’ 


where N = b"' is the number of elements in 


Proof. We denote the points of TZfn by {* 0 ) • • • where x^. = for all 

r G {0,1,..., iV — 1}. We have 


h(-i-i),(o,o),(i,i) 



(ti,t2)) dtidt2 
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I -^-1 rl rl 


= -y 

N to 


1 [o,ti)x [o,t2) (^r) dti dt2 


tit2 dti dt 2 




_ _ ^( 2 )',- 


Q 1 A^—1 -| A^—1 -I A^—1 

- _ _ _ V rd) - — V rd) + — V rd)rd) 

“4 iV ^ " N ^ ^ N ^ ^ ^ 

^ r=0 r=0 r=0 

Q 9 r 1 

= ___V — + — V rd)rd) 

4 N ^ N ^ N ^ 

^ r=0 r=0 


3 2/iV-l 

4 iV V 2 


r=0 


■- + — + E V^a;{i)a;( 2 ) 

^ Nt ^ 


We regarded the obvious fact that remains to 

investigate the sum S := Y.to^ W^e have 


+ •■■ + 


(Ti(ai)\ /ai 


6—1 n 


+ --- + S = E E 


ai,...,a„=0 fci,A: 2 =l 


^ki (®fci )®A:2 
lfi+l-kiyt2 


/ ^ni,(^n} ^l(®l)'\ _j_ I A ^fci (®fci )®A:2 

Q.]^ 5 ...,0.7^—0 \ / Q. j... 5 Q-tt,— 0 /ci ,/C2 — 1 

Next we distinguish between the cases where ki = k 2 = k and where ki 7 ^ k 2 and 
change the orders of the sums, which results in 

q _ 'W I y^ <^fci (Qfci)Qfc2 

fc=l <lfe=0 fcl,fc2 = l Olfei 

'-V-^ ki^k2 

Si '• -V-^ 

S 2 

The factors and 6 ”“^ come from the fact that the summands of Si and S 2 only 
depend on the digit or on the digits a^j and respectively, and hence the sums 
over the remaining digits give a factor b each. Now we have 

n b—1 n b—1 

*^1 = w E E + w E E 


k=l afc=0 
crk^fJ 


k=l_ ak=0 

(Jk=G 


j b-i fr? - / i 

= W E + ,2 "" E 

^ a=0 ^ a=0 

/ fe -1 fu - / I 

= w E + , 2 "" E(^ -1 - ^(«))« 

^ a=0 ^ a=0 

/ — (T) — / I Y) — / &—1 

=- t 2 -E -1) E« 

^ a=0 ^ a=0 

2/n U / \ . 1 l2 

= ^;^Ey(«)« + —(t-i) 


= A E E “fc 

^ii^ 2—1 —0 j y^fc 2 —^ 

kii^k2 
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1 (b{b-iy 

63 I 2 


Jjki-k2 


ki,k2=l 

ki^k2 


ki,k2=l 


k=l 


Straight-forward algebra yields 

n n n 

'jjki-k2 _ yti-k2 _ _ 

ki,k2=l 
ki^k2 

which leads to 

Altogether we hnd 
2L — n ^ 


ib-iy 


:{b^ + b-^ -2)-n, 


So = 


1/1 


4 \N 


+ iV-2 + n 2 




n — I 


1/1 


62 


^ a{a)a H-+ + + 


a=0 


4 VAT 


/ , , /(6-1)2 1 ^3 ^ \ 1 N 1 

= (n-2y -_g<,(a)aj+_ + ___ 


Inserting this into ([H]) yields the formula for /r(_i^_i)^(o,o),(i,i)- 

Remark 2 We note that the Haar coefficient /i(_i,_i),(o,o),(i,i) is of order in general. 

i 

It can be reduced to the order (^for 1 < g < cxo) however by either choosing In 

such that \2ln — n\ = 0{n'^) or by choosing the permutation a such that 


1 

6 


b-l 


a(a)a = 

a=0 


(b-ir 

4 


We remark that these are exactly the conditions which appear in Theorem [2] to assure 
the optimal S'p gR-discrepancy for the digit scrambled Hammersley point set. 


Remark 3 Markhasin computed the Haar coefficients for the case cr = id in [22] and 
m- He showed that 

h(-i-i),(o,o),(i,i) = ^b + 2 ^ " + ^2b ^ 

This result is a special case of Lemma [71 


Now we turn to the estimation of the remaining Haar coefficients where 

j 7 ^ (-1,-1). For that purpose, we state a lemma that can also be found in [221 
Lemma 4.2, 4.3] and is the two-dimensional analogon of Lemma O 

Lemma 8 (Markhasin) Let f{t) = tit 2 for t = (^ 1 ,^ 2 ) e [0,1)^. Let j G 
m G Dj, £ G Bj and let fij^m,e{f) be the b-adic Haar coefficient of f. Then 

1- If j = (ii,j 2 ) e then 

^-2ii-2j2-2 
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2- If j = or j = (-l,j2) with ii G Nq or ja e Nq, then 

1 

h-j,mAf) = * = 1 or i = 2, respectively. 

2e i> — 1 

Let now z = (zi, Z 2 ) E [0, 1)^ and g{t) = l[o,t)(z) for t = (ti, ta) £ [0, 1)^. Let j E 
m G Dj, I E Bj and let b-adic Haar coefficient of g. Then = 0 

whenever z is not contained in the interior of the b-adic interval Ij,m- If z is contained 
in the interior of Ij^rn, then 

1. If j = (ji, ja) G Nq, then there is a k = {ki, fca) E {0,1,..., 6 — 1}^ such that z is 
contained in Then 

^1-1 o • \ 

r^O j 

k2-l \ 

r2=0 / 


h‘j,mA9) = 6 M {bmi + /ci - 


X I (6ma + fca — V'^^^Z2)e 


2. If j = (ji, —1) with ji G No; then there is a ki E {0,1,... ,b ~ 1} such that z is 
contained in I^TT^^ ■ Then 


Tj,r 


Ag) = b ^(1 - Z 2 ) (bmi + ki - V^^^zi)A 


'-kih 


ki — 1 

E 

ri=0 


e b 


'■rih 


3. If j = (—1, ja) with ja £ No, then there is a fca £ {0,1, • • •, & — 1} such that z is 
contained in A . Then 




Tj^mAd) =b ^(1 - Zi) I (6ma + /ca - Z 2 )eA- y e¥^2^2 


k2 — l 

E< 

r2=0 


Lemma 9 Let j E Ng such that ji + j 2 < n — 1, m E ©j and i EMj. Then 

ki—1 


y {bmi + ki — lf^~^^Zi)(i 




- y e 

ri=0 
fc2 —1 


X 


X I {bm 2 + k 2 - 6^’^+¥a)e^^^^= - y 

r2=0 

6-1 6-1 
^p(fciKi 


Ift-ii-h 


(e¥^i - 1) (e¥^2 1) 


^yi+32-n y y 


-k2l2 


fci=0 


^2=0 


where p{ki) = ki or p{ki) = —ki — 1 depending on ji and where the sign depends on ja- 

Proof. With the very same argumentation as in the proof of [221 Lemma 4.4] or 
Lemma 4.10], we can show that 


y I {bmi + ki- - y 




ki — 1 

E« 

ri=0 


X 
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X I {bm2 + k2 — ^ 

\ r2=0 

ljn-ji-j2 

(e¥'i - l) (e¥'> - l) 

+ &>■+■»- x: g a„+,(ai,+,)e 




where = /ci and a^j+i = ^2- We analyse the expression S. We have 


We have to distinguish the cases (Jn-j^ = cr and a„_jj = a as well as the cases (Tj2+i = <7 
and o'j2+i = respectively. The case Cn-ji = leads to Si = I]fc 7 =o 
whereas <Jn-ji = ^ yields 


^ a-\h - 1 - = E = E ^-\ki)e^ 


■ {-i-fciKi 


Combining these results, we have S'! = Y!kJ=o(^ ^{ki)e^b'Ski)ii^ where p{ki) = ki if 
<7n-ji = <7 OT p{ki) = —ki — 1 if (Tn-ji = 7. Heuce, p{ki) depends only on ji. The case 
(Tj 2 +i = yields S 2 = Z]fc7=o 7{k2)e^^^^^, whereas aj^+i = 7 leads to 

^2 = E (^ - 1 - = - E 

k2=0 k2=0 

and therefore we have S 2 = ± Z]fc7=o where the sign depends only on j2- 

The proof is complete. □ 

Lemma 10 Let j = (ji,—1) such that ji E No with ji < n — 1, m = (mi,0) with 
mi G Djj and £ = (£1,1) with ii G Then 

^ (^bmi + ki- (1 “ ^ 2 ) 


^e7^^ nn. 

o,n J > 


-1 Uh-n b-1 


-2e)+ & 


2 (e¥^i - 1) 


E ^ ^{ki)e 


-p(fci)£i 


!,-l / b-l 


— £1 1 

e 6 1 — 1 


fci=0 ^ / 


where e is a positive real number depending on ji and mi which satisfies eb^ L < 5 
where p{ki) = ki or p{ki) = —ki — 1 depending on ji. 
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Proof. With the very same argumentation as in the proof of JT21 Lemma 4.10] or 
Lemma 4.17], we can show that 


^ I {bm, + k,- 




ki — 1 

E< 

ri=0 


(1 - Z 2 ) 


6-1 


(1 AS)+b , ^ ^ 


2 (^e i> — 1) h=i 


ki=0 


Ti 


l-ll-l_l 


6-1 


fci — 1 


E E E e- 

h=0 ki=0 ri=0 


ri£i 


T2 

where an-ji{an-ji) = ki. Analogously as in the proof of Lemma El we hnd 

(.-1 5^1“^ - • 


Ti = 


^ (hPcA h Ppl)^l 


E ^ 


fci=0 


where the value of p{ki) depends only on ji. We also obtain 

6-1 


Tc 


^ —h 1 

e i> 1 — 1 

6-1 

^¥^1-1 

6-1 

^¥^1-1 


Jjn-n-ljjh-n (e¥^l^l - 1) 


fci=0 


6-1 

E 

<ki=0 




Kb 1 ) 


^fci=o ^ / 


The proof is complete. 


□ 


Lemma 11 Let j = (—1, j2) such that j 2 G Nq with j 2 < n — 1, m = (0,1712) with 
m 2 G ]D)j2 and £ = {I, £ 2 ) with £2 G Then 

y~] (1 — ;2i) I (67772 + A:2 — ^ e¥^2^2 

\ 7-2=0 


2 e7^^ n/,- 

o,n J 


}fi j2^]^ _ 2p]) -|- 5 5 ^ — h' 


-1 Kh-n 6-1 


± 


+ 


2 (e¥^2 1) 

6-1 ^ 


E ^{k2)e 


lfc2^2 


k2=0 


—72 1 

e 6 2 — 1 


± a{k2)e 


^k2e2 Kb - 1) 


fc2=0 


where s' is a positive real number depending on j 2 and m 2 which satisfies e'b"' < b 

and where the signs depend only on j 2 ■ 


Proof. This fact follows from 


y~] (1 — Zi) j (67712 + ^2 — h'^^^2:2)e¥^272 _ 'Y e¥^272 




k2 — l 

E' 

r2=0 
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Jfi-j2 (I _ Or') 4- h ^ ^-1 

^ ^ a,,+ie 




2 - l) 


h=l 


^n-J2-l_l 


b-l 


k2 — l 


k2=0 


-kih 


+ ^ ^ crj2+i(aj2+i) ^ e 

h=0 k2=0 r2=0 

and the relation aj2+i = k 2 - The argumentation is very similar to the proofs of 
Lemma 4.10], [211 Lemma 4.17], Lemma [Hand Lemma [TUI □ 

Lemma 12 Let j G m G ©j, i G Bj and be the b-adic Haar coefficients 

of the local discrepancy ofTZf^. We recall the definition \ j\ = max{0,ji} +max{0,j2}- 
Then 

i- if 3 e Ng and \ j\ < n — then 




2. if j G Ng, IjI > n — 1 and ji,j 2 < n, then |/ij,m/| < cb 1^1 for some constant 
c > 0 and 

6-2b1-2 

\Lj,m,£\ = 


e 6 ^ — 1 e i> ^ — 1 

for all but 6” coefficients 
3. if j G Ng and ji >n or j 2 > n, then 


\t. 


j^m,i I 




—ii 1 

e i> 1 — 1 


—£2 1 

e b ^ — 1 


4- if 3 = (ji, -1) orj = (-1,72) withji G Nq; ji < n or ji G Ng, ja < n respectively, 
then we have 

\Tj,mA < {b^ - l)b-^-^^ 
for i = 1 and i = 2, respectively, 


5- if j = (ji, — 1) orj = (—l,j2) with i I G No, ji > n or j 2 > n respectively, then 
we have 

\Lj,m,e\ = 


e 6 ‘ — 1 


for i = 1 and i = 2, respectively. 


Proof. Point (2) can be verified analogously as [221 Proposition 5.1, (ii)] or [211 Propos¬ 
ition 4.18, (ii)]. Point (3) and Point (5) follow from Lemma [Hand the fact that there 
are no points contained in the interior of Ij^m for j G if ji > n or ja > n. For the 
verihcation of Point (1) we use Lemma [HI and Lemma [Hand obtain 

1 / hn-ji-j2 

n. , =^5-11-12-2 _ a _ 

ft,™/ - 1) (e¥'= - 1) 
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6-1 6-1 


±^i+i2-n ^ a-\ki)e 

fci=0 

= ± 6 - 2-2 g ^ 

A:i=0 fc2=0 


^ a{k2)e 

k2=0 

6-1 


lfc 2<?2 


lfc 2^2 


Jj-2ji-2j2-2 


(e¥^i - l) (e ¥^2 _ i) 


which leads to 




—2n—2 


fci=0 

< 6 " 2—2 a~^{ki) a{k2) = h 

fcl =0 fc 2=0 


k2=0 

-2n-2 (h{h-l)' 


' 6 - 1 ' 


i—2n 


as claimed, since with k also a~^{k) and <j{k) runs through { 0 , 1 ,..., 6 — 1 }, respectively. 
We turn to the case that j = (ji, — 1 ) with ji G Nq, ji < n and therefore regard Lemma[H] 
and Lemma [TUI We have 
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The triangle inequality yields (since eb"^ < 6 and b ^ <b^ 2 ^ 
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where we used Lemma El The case (—l,j 2 ) can be handled completely analogously. □ 

For the proof of Theorem El we also need upper bounds on the absolute values of the 
Haar coefficients '); kj^rn/) which are given in the following: 

Lemma 13 Let j = (^ 1 ,^ 2 ) ^ Then in the case j 7 ^ (—1, —1) we have 

< \T 3 ,mA for all m G G 
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where the coefficients refer to •). Hence the results in Lemma [TE apply 

accordingly also to In the case j = (—1, —1) we have 


E,sym 


1 1 


(Recall that N = 26" is the number of points in 


Proof. Analogously as in the proof of m Lemma 3], we obtain 


S,sym _ 

Rj,m,e — 





where here we write the Haar coefficients of the local discrepancy of 7^^ f, in or¬ 
der to stress the dependence on S and accordingly for This relation together with 

Lemma [7] immediately leads to the assertion in the case j = (—1, —1) (simply observe 
that S* contains n — R components equal to a whenever S has R such components), 
whereas in the case j ^ (—1, —1) we apply the triangle inequality to obtain 

^ \ {\Rf,m,e\ + \Rpm,e\) ■ 

Since the bounds on \tif^rn,A given in Lemma [TT] do not depend on S, this inequality 
completes the proof. □ 


Remark 4 Since /i(_i__i)_(o,o),(i,i)(-Dv(7^fn, •)) does not depend on the order of the com¬ 
ponents in S, but only on the number of cx-entries, Lemma [12] is true for every point 
set of the form where Si, S 2 G {a, a}" and where Si has In entries equal to 

a and S 2 has n — of such entries for any G {0,1,..., n}. The proof of Theorem [2] 
therefore works also for point sets of this kind. However, these point sets are in general 
not symmetrized in the sense of (121) . 


6 Proofs of Theorem [T], Theorem [2] and Theorem S] 

Proof of Theorem [H From Proposition [T] it follows that it suffices to show 
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Since q > 1,, we have 


W,sym 
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g ^(^-1+1)9 j ^ 

\j=l^ogf, N] 


N,syra 


— ■ S*! + 5*2 + S^. 


We apply Lemma [3] and Corollary [21 We have Si N ^ -C W ^ for all 0 < r < i. We 
also find 


/Rogi, -^ 1-1 




\ i=o 

The assumption r = 0 leads to 


1\ q 


S "" 
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^ /RogbA^l-i \ q 
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whereas for 0 < r < - we obtain 

p 


/Rogi, N]-l 
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«N 


’y = iv' 


r—1 


It remains to estimate S 3 . We have 

/ CXD 

^3« “ 


.i=Rog,wi ^ ^ 

5logi,Af(r-l) ^ 
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^ jyigir-i) 
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which concludes the proof of Theorem [H 


□ 


Proof of Theorem O The bounds on the Haar coefficients of the digit scrambled Ham- 
mersley point set we found in Lemma [T21 are of the same order of magnitude in N as the 
bounds given in [2^ Proposition 5.1], except for the coefficient /i(-i,-i),(o,o),(i,i)- How¬ 
ever, provided that S is such that |2/„ — n\= 0{nq) or ^ this Haar 

coefficient is of order A^“^(logA^)9 (see Remark [2]). This order is small enough to apply 
the very same method as used in the proof of [221 Theorem 1.1] to show the sufficiency 
of the condition in Theorem [21 The necessity of the condition given on or a follows 
from Proposition m which gives 




S'ggR([0,l)2) > E 




3>|h(-l-1),(0,0),(1,1)1- 


E 

meDj ,l&j 




q 


From this and Lemma[7]it is evident that we must have |2/„—n| = 0(n9) or | I]a=o = 

in order to reach the optimal Lp discrepancy bound. □ 


Proof of Theorem 0 The proof is obvious, since the bounds on the Haar coefficients of 
D , ■) are the same as for ■), except for the coefficient /i(-i,-i),(o,o),(i,i)) 

which is of order i independently of S. So we can simply refer to the proof of m 
Theorem 1.1] again. □ 
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